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For each abelian category A and each integer n, it is shown that the category C”A of com- 
plexes of length n in A is equivalent to the category n-&d A of internal n-groupoids in A. 
Moreover, these denormalization equivalences exchange, up to isomorphism, chain homotopies 
with what are expected to be n-lax natural transformations. Thus n-groupoids appear to be possi- 
ble substitutes for n-complexes in the nonabelian context. 
Introduction 
The Dold-Kan theorem [8,9,15], asserts that the category Simpl(Ab) of simplicial 
abelian groups is equivalent to the category C’(Ab) of positive chain complexes. 
This theorem, allowing to fold coherently a simplicial abelian group into a chain 
complex, in a way which seems to preserve the whole simplicial information, is one 
of the most striking properties of the abelian fitness. 
It is then all the more surprising that this equivalence is not strictly coherent at 
the level of simplicial and chain homotopies. 
Trying to better understand this point, I was led to another Dold-Kan theorem 
for abelian chain complexes, given in this paper, in which an adequate notion of 
coherence is restored. This result is obtained by a thorough analysis along the 
following lines. 
What I mean by “not coherent at the level of simplicial and chain homotopies” 
is specified by the following. Let us denote by d (denormalization) the inverse part 
of the usual Dold-Kan equivalence. Let A be a chain complex such that A, = 0 for 
n # 2. We know that d (A) is nothing but the simplicial abelian group K(A,, 2) of 
Eilenberg and Mac Lane. Now A(A) (the cotensor of d(A) by the standard 
simplicial object [l]) is clearly the domain of the universal simplicial homotopy with 
codomain d(A). The three first terms of O(A)[‘] are the following ones: 
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On the other hand, if h(A) denotes the domain of the universal chain homotopy 
with codomain A (see the general formula below), the three first terms of A(h(A)) 
are the following ones: 
(t,-t, 40) < 
0 : A2 ( 
(O,O, 171) 
0” A,. 
K4o,u, 1) . 
So d(A)“] and A@(A)) are by no means isomorphic. 
Another possible approach of this fact is the following one: Let t be a chain 
homotopy between two chain transformations f,g : B -+ A. We can construct a 
simplicial homotopy d(t) between d(f) and d(g). Let us picture what happens to 
a l-simplex 6, : b,-, --f 6; (d(b,) =b,- 6;) in A(B), . We obtain in d(A)2 the two 
following 2-simplexes: 
fo(bo) 
tl(bo) 
* go@,) 
where the diagonal arrow is equal to g, (b,) + t,(bo) and where the upper 2-simplex 
is not any sort of 2-simplex but a peculiar one in the following sense: any simplicial 
abelian group X has always a canonical subobject which is the nerve of a category 
8. This category has the elements of X0 as objects, the elements of X, as mor- 
phisms. Given two 1-simplexes X1 :X0 -Xd and Xt’ : X6 -Xl, the composition 
is given by the formula &‘. X, =X,‘-so(&) +X, . It is easy to check that the 
2-simplex cc) = st (Xt’) - so so(&) + so(X, ) is such that do o =X, , d, o = &‘a X1 , 
d2 w =X; . Such a 2-simplex is what I call a commutative 2-simplex. So is our upper 
2-simplex. Thus d(t) is not a general simplicial homotopy but a very specific one. 
However, the coherence holds at what we should call level 1. 
It is well known indeed that the category C’(Ab) of abelian complexes of length 
1 (just A = (d: A, + A,)) is equivalent to the category Cat(Ab) of internal 
categories in Ab. Given a l-complex, the objects of the associated category C,(A) 
are the elements of A,, a morphism between a0 and ah being given by an element 
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aI of A, such that d(a,) = CI~ - LZ~. The composition is obviously determined by the 
addition in A,. Furthermore, it is an internal category in Ab since the sets of the 
objects and morphisms are abelian groups and all the operations are group 
homomorphisms. The images of the chain transformations are the internal functors. 
Furthermore, and that is the coherence, the images of the chain homotopies (as if 
these l-complexes were completed by zero) are exactly the internal natural trans- 
formations. Conversely, the inverse equivalence sends the natural transformations 
on the chain homotopies. 
The relationship with the simplicial denormalization is that, if this l-complex is 
trivially completed into an ordinary chain complex by adding zeros, the simplicial 
abelian group associated to it is nothing but the nerve ,Y(C,(A)) of the category 
C,(A). 
This is the starting point of an iteration process. 
Indeed, given a 2-complex A = (A2 -+ A 1 --f A,,, d* = 0) we can associate to it a 
2-category C,(A) whose objects and 1-morphisms are those of the category 
associated to the l-complex Al + A,. Given two 1-morphisms al, a; : a0 -+ ah, a 
2-morphism between them is determined by an element a2 of A2 such that 
d(a,) = aI - a;. The 2-morphisms can be composed in two ways and the verification 
of the ‘interchange law’ is based upon the abelian nature of A,. Actually, C,(A) 
is an internal 2-category in Ab. This construction is part of an equivalence between 
the category C2(Ab) of 2-complexes and 2-Cat(Ab) of internal 2-categories in Ab. 
Naturally, the chain transformations correspond to the internal 2-functors. Further- 
more, and that is the important point, enlightening the nature of chain homotopies, 
the chain homotopies correspond exactly to what is known as the lax natural 
transformations between 2-functors [l, 13,161. Indeed, a chain homotopy t between 
two chain transformations f, g : B+A, A and B being two 2-complexes, gives us, 
through the equation dt, + tl d = f, - gl , for each l-morphism bl : bo-+ bi, the 
following formula: 
d&P,) + tl Or) =fi @, 1 -g, @,I 
and since d(b,) = bo- bi: 
dt,(bl)=fi(b,)+t,(b;)-[t,(bo)+g,(b,)l, 
whence the following 2-morphism which determines the associated lax natural trans- 
formation: 
fo(bo) 
tl (bo) 
’ g(bo) 
fi@l) 
! 
Y tz(h) 
! 
gl@l) 
If the 2-complex is trivially completed by zeros, then the simplicial abelian group 
associated to it by the simplicial denormalization is nothing but the nerve 
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Jv(C,(A)) of this 2-category, the nerve of a 2-category being given by the following 
simplicial set: Nc, is the set of its objects, Nr the set of its 1-morphisms, A$ the set 
of its full triangles, 
Ns the set of its commutative tetrahedrons, the Ni, i>4 being given by the 
simplicial kernels. See [2] and also [17]. 
Now the question is: is it possible to extend this remark to higher integers n? Very 
natural, the notion of n-category is well known for n = 2. Recently, Brown and Hig- 
gins made an extensive use of o-groupoids and oc-groupoids for their generalization 
of the Seifert-Van Kampen theorem. They have also a kind of nonabelian version 
of the Dold-Kan theorem relating crossed complexes over groupoids and oo- 
groupoids in Set [6,7]. Let us recall that a 3-category is a category enriched [lo] in 
the Cartesian closed category 2-Cat of 2-categories. It can be seen as a 2-category 
endowed with 3-morphisms between 2-morphisms, satisfying the interchange law at 
the level of 3-morphisms. It is therefore clear how to associate a 3-category to a 
3-complex: a 3-morphism between two 2-morphisms determined by a2 and ai being 
given by an element a3 of A3 such that d(a3) = a2 - a;. 
More generally, an n-category is defined by induction as a category enriched 
in the category (n - 1)-Cat of (n - 1)-categories. But this definition is not very 
tractable. I introduced in [3] an equivalent and more convenient definition, suitable 
to an internal context. It is briefly recalled in Section 1. 
The aim of this paper is to establish the new denormalization theorem, that is, 
for each n, the equivalence between the category C”(Ab) of abelian n-complexes 
and the category n-Cat(Ab) of internal n-categories in Ab. Furthermore, I will show 
that by these equivalences the chain homotopies correspond exactly to what is ex- 
pected to be the generalization at level n of the lax natural transformations (n-lax 
natural transformations). 
As a consequence, we shall get the equivalence between the categoric C’(Ab) of 
positive chain complexes and the category c=Cat(Ab) of the internal co-categories 
in Ab. We shall specify in this context, what corresponds exactly to chain 
homotopies. Actually, we shall work in an abelian category, no major difficulties 
arising. 
I developed elsewhere [4,.5] a realization of a general cohomology theory in terms 
of internal n-categories, which has the property that it describes the higher 
cohomology groups as classes of principal group actions, exactly like the classical 
realization of H’. This new denormalization theorem is the key result which allows 
us to show that the classical Yoneda theory of Ext is an example of such a theory 
cohomology. Furthermore, the construction of the homotopy groupoids developed 
here, is of crucial importance in the proof of the exactness of the long cohomology 
sequence. 
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A premilinary draft of this work has been given in [2]. The organization of the 
paper is as follows: 
1. The internal n-categories. 
2. The basic construction in the abelian situation. 
3. The denormalization theorem. 
4. The denormalized of the exact sequences. 
5. The chain homotopies and the homotopy groupoids. 
1. The internal n-categories 
Let E be a left exact category (i.e. with finite limits and a terminal object). 
Let us recall from [3] what is the category n-Cat(lE) of internal n-categories in E. 
For that let us consider what we call the basic situation: 
where G is a full embedding in the category E and K a left exact left adjoint of G. 
Let us denote by q the natural transformation 1 -+ G. K and let us say that an object 
X of IE has a global K-support when VX is a regular epimorphism (i.e. the cokernel 
of its kernel pair). 
The following construction leads from (*) to a similar situation (**). Indeed, let 
Cat(IE) be the category of internal categories in E, i.e. internal diagrams C, in E: 
do do 
f < 
SO dl 
CO -mC -mC 1 2 1 
< ‘ 
4 4 
where m2 Cl is the pullback of do along dr . It must satisfy the usual equations (see 
for instance [14, p. 47]), namely those of a simplicial object as far as level 3 when 
completed by the pullback of do along d2. The morphisms of Cat@) are just the 
natural transformations between such diagrams. An internal category is an internal 
groupoid when, furthermore, the following diagram is a pullback: 
dl dl co - mC , C m2C,. 
4 
Let us denote by Cat,(lE) the full subcategory of the category Cat(lE) whose 
objects are internal categories such that K(s,) is an isomorphism. 
Then, of course, every structural map of C, has an image by K which is an iso- 
morphism. Let us call such an internal category K-discrete. Clearly, the category 
CatK( E) is left exact. 
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Again, we have two functors 
KI 
(**) E‘ 
GI 
Cat,(E). 
The functor K, is defined by K,(C,) = CO. The functor G, is given, for every object 
X in E, by the following internal category: 
PO 
< 
< 
A 
x-xxx-XxXxX 
< K - K K 
PI 
where (p,,,pr) is the kernel pair of qX: X + GK(X). The functor Kr is a left exact 
left adjoint .of the full embedding G, (see [3]). So this basic construction may be 
iterated. 
Let us denote by n-Cat(E) the category obtained by the nth iterated step of this 
construction from the basic situation: 
where 1 is the terminal object of E. Whence the following diagram: 
KI KI K-1 
1‘ [E- x CatW Z 2-Cat(E)...@--l)Cat(E) 3 n-Cat(lE).... 
Gl n I 
Actually, every Ki is a fibration and if furthermore [E is Barr-exact, then every Ki 
is an exact fibration, see [3]. We have a similar diagram for the groupoids, where, 
at each step, &d,(E) is the full subcategory of CatK(E) whose objects are the K- 
discrete groupoids. 
This basic construction is 2-functorial. Let us consider the following commutative 
square: 
F 
IE-E 
K 
I I 
R 
where the vertical arrows are parts of two basic situations. This square determines 
a morphism (F, F’) of basic situations when F is left exact and the canonical natural 
transformation between F. G and G. F' is a natural isomorphism. A 2-morphism 
between (F, F') and (L, L’) is given by a couple (v, v’) of natural transformations, 
v : F a L, v’ : F' j L' such that x. v = v’. K. Let us recall that the basic construction 
extends to a 2-functor from the 2-category BS of basic situations to itself, a mor- 
phism (F, F') giving rise to a morphism (Cat,(F),F), and that K determines a 
2-natural transformation between this 2-functor and the identity. 
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2. The basic construction in the abelian situation 
Now let V be an abelian category. 
We shall denote a morphism between Xi @X2@ ..a OX, and Y, @ Y,@ .a. @ YP 
by an n xp matrix, the composition of such morphisms being given by the usual 
product of matrices. 
Now there is a classical equivalence between the category Cat(V) and the category 
C’(V) of l-complexes in V, determined by a pair of functors 
N 
Cat@4 D 0 C’(V) 
where, for every C, in Cat(V), the complex N(C,) equals do : Cc, t Ker d, and, for 
every l-complex X, + Xi, the internal category associated by D equals 
Cd, 1) t 
0 
What is, then, the subcategory of C’(V) which is equivalent to Cat,(V)? 
The answer is given by the following definition and proposition: 
Definition 2.1. A l-complex d : X0 + Xi is called K-trivial when K(X, ) = 0. 
Let us denote by CL(V) the full subcategory of C’(V) whose objects are the K- 
trivial l-complexes and by ( )0: C;(V) + V the functor which associates X0 to 
d:X,+X,. 
Proposition 2.2. The category C&V) of K-trivial l-complexes in W is equivalent o 
the category Cat,(V) of K-discrete categories in W. 
Proof. Let us consider the following diagram: 
If C, is a K-discrete category, then K(s,) is an isomorphism whose inverse is 
necessarily K(d,), so K(Ker d,) = Ker(K(dl)) = 0. 
CWW + Cat(V) 
K I: 
W- ‘-w 
N D 
G 
\ 
I I 
1 I IT 
c;(v) c C’(V) 
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Conversely, if d : X0 +-XI is K-trivial, then its image by D is K-discrete since, K 
being left exact, K(y) is clearly an isomorphism: 
K(X,) 
KY 0
- K(X, 0 X0) = 0 OK(&). 0 
We shall again denote by N and D the dotted arrows representing the 
equivalences. Let a:l-+D+Nandp:N*D -+ 1 be the natural isomorphisms. It is 
clear that K,.a=K, and ( )e.p=( )e. 
The composite N. G, is obviously defined by Gr,(X) =Xc( Ker f,?X. On the 
other hand, the abelian basic construction C,$( ) is 2-functorial from the 
2-category BS to itself, and ( ),, determines a 2-natural transformation. 
3. Another denormalization theorem 
Let us denote by ( ),_ i : C”(V) + C”-‘(V) the truncation of the last element. 
This functor is left exact and is a left adjoint of a functor Gr,_ i : C”-‘(V) + 
C”(V) which associates 
Xc - X 1 - ,.. - x,_ 2 A X,_, t--< Kerd 
to 
x, - x 1 - ... - x,_ 2 L x,_,. 
we are in the 
( )“_I 
c”-‘(v) a C”(V). 
Gr,-l 
Let us study the associated abelian basic construction. 
Proposition 3.1. The abelian basic construction associated to this basic situation is 
naturally equivalent to C’+‘(V). 
Proof. We define the functor I,, , : C”” (V) --) C,’ ,,-,(C”(V)) which sends 
X0 A x, - ... - X,_ I AxnAx ntl 
to the following object of Cci ,n_,(C”(V)): 
- . . . c-- 
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This functor I,,+, is clearly an equivalence. It is not an isomorphism because the 
zeros are not unique in V. But if we denote by A,,+, the inverse part of this 
equivalence and by a’:l+A,,+,.I,+, and P’:I,,+r~An+,+l, then ( )n.cr’=( ), 
and ( ),,.p’=( )O. 0 
Theorem 3.2. The category C”(V) of abelian complexes of length n in W is 
equivalent o the category n-Cat(V) of internal n-categories in W. 
Proof. Both categories are obtained by the same number of steps of equivalent con- 
structions (Proposition 2.2) from 
But we have to say a little more. 
Let us denote by D, : C,(V) -+ n-Cat(V) and N,, : n-Cat(V) + C,(V) the functors 
determining this equivalence, by E,# : N,. D, + 1 and f3, : 1 + D,, . N, the natural 
isomorphisms. We claim that D, N, E and 6 are natural in n. 
To prove the claim, let us consider the following diagram: 
c’v%~,1 
n-Cat(V) 1 Cinm2[(n - 1)-Cat V/l ‘ 
D 
x:: 
C’vL,l 
( 10 
n 1 
N,~, * ‘iJ~~CW 
(n - 1)-Cat V ( ’ c”-](v) 
Q-1 
The extreme triangles commute (Propositions 2.2 and 3.1), the intermediate 
rectangles commute (( )O is a natural transformation). The functor N, is 
A,, . C ’ [N, ~, ] . N and the functor D, is D. C ’ [D, _ 1 ] . I,, . Therefore, N and D are 
natural in n. That E and 8 are natural, comes from the naturality of ( )0, the com- 
mutativity of the triangles and from the fact that the images of the natural isomor- 
phisms (x and /3 (resp. a’ and p’) by K,- 1 and ( ),, (respectively by ( ),_ , and ( )0) 
are identities. 
Furthermore, N,,.G,_, and Gr,_,.N,_, (resp. D,.Gr,_, and G,_,.D+,) 
commute up to isomorphism. 
The internal m-categories in W 
The category m-Cat(V) of internal c+categories in Vis defined as the projective 
limit of the following diagram: 
1 t--V 2 Cat(V) 
K,,- I 
- ... + (n - l)-Cat(V) A n-Cat(V) - ... . 
The category C’(V) of abelian complexes in V is the projective limit of 
( h 
1 - v - C’(V) - 1.. c-- C”~‘(V) LkL C”(n/) c- . . . . 
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So D, being natural in n, determines a functor D, : C’(V) -+ m-Cat(V). It is the 
same for N. Furthermore, E and 8 being natural determine the natural isomorphisms 
&,:N,.D,-+l and 0 oD : 1 + D, . N,. Whence the following result: 
Theorem 3.3. The category C’(V) of abelian complexes in W is equivalent o the 
category m-Cat(V) of internal m-categories in W. 
4. The denormalized of the exact sequences 
We are now going to characterise, among the internal n-categories in V, those 
which are corresponding to exact n-complexes. 
Let C, be an internal n-category in V and let N,(C,) be denoted by 
X, - X, - x, -..*- x,_, - x,. 
This chain complex is exact at i when the factorization p of d in the following 
diagram is an epimorphism in V: 
Xj_, i Xi 
d 
c--- x. I+1 
Ker d 
Let us denote by C;+t the (i+ 1)-category K;+l. Ki+z a.. K,_,(C,). Its associated 
(i + 1)-complex is 
X0 - Xl +--*.*- xi_, - x; - x,+1. 
To 
X0 - Xl c ... e xi_, +- Xi +-+ Ker d 
corresponds Gi*Kj(Cj+t) and to the previous factorization p is necessarily as- 
sociated qi(Ci+t): Ci+t + Gi.K;(C;+t). 
Now p, being an epimorphism in V, is a regular epimorphism, so it determines 
a regular epimorphism in Ci+t(V). Then N,,(C,J is exact in i if and only if C,,, has 
a global &-support (that means: qi(C;+r) is a regular epimorphism) [3]. 
So an m-category corresponds to an exact sequence if and only if, for every i, 
its underlying i-category C; has a global Ki_, support. We shall call such an CO- 
category aspherical. 
5. The chain homotopies and the homotopy groupoids 
The aim of this part is, starting from the fact that D and N exchange the chain 
homotopies between l-complexes and the internal natural transformations, to show 
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that D2 and Nz exchange the chain homotopies between 2-complexes and what is 
known [l, 13,161 as the lax natural transformations between 2-functors. More 
generally, D, and N, exchange the chain homotopies between n-complexes and the 
expected generalizations at level n of the lax natural transformations, called n-lax 
natural transformations. 
The method will be to compare the image of the universal n-lax natural transfor- 
mation with codomain X, to the universal chain homotopy with codomain N,(X,J. 
Firstly, let A be a chain complex in V. Then let us define h(A) as the upper chain 
complex of the following diagram and Q and CL) as the two chain transformations 
from h(A) to A: 
Ao’ d d A2 --. A,, ... 
Let us denote by 6 the chain homotopy between a and CO given by the diagonal 
maps. It is the universal chain homotopy with codomain A. Indeed, a chain homo- 
topy t between two chain transformations f, g: B-+A has a unique factorization 
through h(A) by the chain transformations t, defined by 
since it is easy to check that 
means exactly 
dt,+2+tn+ld =fn+l -gn+l, 
dfn,, &,+1 = gnd. 
Now, given two n-complexes B and A, a chain homotopy (n-homotopy for short) 
between two chain transformations 5 g : B--f A, is subject to the same equations as 
a general chain homotopy, except the last one which is t, . d = f, - g,. So it is clear 
that the domain h,(A) of the universal n-homotopy with codomain A is the fol- 
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lowing n-complex: 
AI@& ’ A,OA,OA, p A3@A2@A2 - ... 
The universal representor of the internal natural transformations 
Let E be a left exact category and Xi an internal category in E. The standard 
simplex [l] is actually a category and it is clear that X/l’ (the cotensor of the inter- 
nal category Xt by [l]) is the domain of the universal internal natural transforma- 
tion with codomain X1 [12], which we call the universal representor of the natural 
transformations and we rather denote by Corn X1, since in the category Set of sets, 
the objects of ComX, are the morphisms and the morphisms the commutative 
squares (quatuors in [ll]). Whence the following diagram: 
60 
Corn X1 : xi 
4 
with the universal internal transformation y : do * 6,. 
The trivial identity natural transformation between the identity on Xi and itself 
determines a o. : X, -+ Corn Xi such that 6,. go= 1 = 6t . oo. Furthermore, the 
universal property of ComXr makes a0 a canonical left adjoint to o. and 6, is 
canonical right adjoint. This construction clearly extends to a left exact 2-functor 
Corn : Cat(E) + Cat(E). If the category Xi is K-discrete, then Corn Xt is K-discrete. 
If X, is a groupoid, then ComX, is a groupoid. 
Some precisions about the basic situation 
It is now necessary to be a little bit more precise about the basic situation [3]. 
Definition 5.1. A morphism f : X+X’ in E is said to be K-invertible when K(f) is 
an isomorphism. It is said to be K-Cartesian when the following square is a pull- 
back: f 
X ’ X’ 
IIX 
i 
rlX’ 
G. KG.0 x G. KG0 
Thus a morphism which is at the same time K-invertible and K-Cartesian is an iso- 
morphism. The functor K being left-exact, these two classes of morphisms are stable 
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under composition, under pullback and product. Furthermore, every morphism f
can be factorized in a unique way, up to isomorphisms, in f,.J with J K-invertible 
and f, K-Cartesian, where J and f, are defined by the following diagram, where the 
square is a pullback: 
Examples. (1) In the situation KO : Cat(E) + E, a KO-Cartesian functor is exactly 
a fully faithful1 functor. 
(2) In the situation ( )0: C’(V) +V, a ( )O-Cartesian morphism is exactly a 
square which is a pullback: 
fi 
Ai - B I 
d d 
The functor N sends a Ko-Cartesian morphism on 
converse being true for D. 
(3) Let us just mention the following lemma: 
a ( )o-Cartesian morphism, the 
Lemma 5.2. In the basic construction, a rnorphismfi : X, --t Xi in CatK( iE) such that 
f. is K-Cartesian, is K,-Cartesian if and only if rnfi : mX, --f mX,’ is K-Cartesian. 
In the case of the full subcategory Grd(lE) of Cat(E) whose objects are groupoids, 
there is a very strong connection between the 2-categorical structure of Grd( E) and 
the fibration Ko, which is essential for our aim: 
Proposition 5.3. An internal category X, is an internal groupoid if and only 
if 6, : Corn X, + Xi (equivalently 6,) is Ko-Cartesian above d, : mX, -+X0 (resp. 
d,:mX, -X0). 
Proof. If Xi is a groupoid, then 6, being a right adjoint between two groupoids is 
an equivalence and thus fully faithfull, that is, Ko-Cartesian. The converse is pure 
diagram chasing. 0 
In the same way, 
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Corollary 5.4. A K-discrete category X, is a K-discrete groupoid if and only if 
6, : Corn X, -+ X, (equivalently 6,) is K, -Cartesian. 
The abelian situation 
Let us now recall a remark which will make things much easier. Let V be an 
abelian category. 
Proposition 5.5. An internal category in V is always an internal groupoid. 
Proof. Let us consider the following diagram: 
4 
mX, - m2X, - Ker d 2 
x0 -mX -Kerd 
4 
1 1 
The left-hand square with vertical arrows do is a pullback and then the factoriza- 
tion a0 through the kernels is an isomorphism. Now the vertical arrows so, being 
right inverses of the do, have the inverse of a0 as factorization through the kernels. 
Therefore, the d, being left inverses of the so have again a0 as factorization. This 
do is invertible and thus, by the classical ‘four lemma’, the square with the dotted 
arrows d, is a pullback and XI a groupoid. 0 
Coherence at level I 
Proposition 5.6. The images by NI of the internal natural transformations are ex- 
actly the l-homotopies and conversely for D,. 
Proof. The object X, of Cat(V) being actually a groupoid, a0 and 6t are Ko- 
Cartesian. Therefore, N,(ao) and Nr(6,) are ( )o-Cartesian. So if the image of X, 
by Nt is d: A, + Ao, the image by N, of 
60 
Corn X, -; x, 
61 
is necessarily, up to isomorphism, given by the following diagram: 
(130) 
A,OA,: 
(071) 
Ao 
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since the two parallel squares are pullbacks. Therefore, N, (Corn Xi) is isomorphic 
to h,(N,(X,)). 0 
The lax natural transformations 
The shortest way to introduce the lax transformations between the 2-functors 
[l, 13,161 is, perhaps, to describe their universal representor. Let X, be a 2-category 
in Set. Let us denote by Hotz(X,) the 2-category whose objects are the 1-morphisms 
of X,, the 1-morphisms between f and f’ being given by the following diagram: 
h 
Y 
k 
’ Y’ 
A 2-morphism between (h, v, k) and (h’, v’, k’) is a pair (1, p) of 2-morphisms 2 : h + h’, 
p : k + k’ such that v’ . f 'I. =pf - v. It is the 2-category of quintets in [ll]. We 
shall call it here the homotopy 2-category. We have naturally two 2-functors CY*, 
02: Hot2(X2) -X2, defined by a*(f) =X, q(f) = Y. A lax natural transforma- 
tion between two 2-functors G2, Gi : Y, -+X2 is thus the data of a 2-functor 
Hz : Y, --f Hot2(X2) such that a2. H2 = G,; CC)~. H2 = Gi. 
The internal homotopy 2-groupoids 
We must now describe this construction internally. To do so, we must begin by 
the following remark: 
Proposition 5.7. The inclusion Cat,(E) -+ Cat(E) has a right adjoint (“>. Zf 
f, : X, -+ Y, is a morphism in Cat(E) such that f. and mf, are K-Cartesian, then f; 
is K,-Cartesian. Zf X, is a groupoid, then so is 2,. 
Proof. Let us consider the following pullback in Cat(E): 
llXl 
Xl - G.K(XI) 
- Xl - dis (G . K(Xo)) 
where G. K(XJ is the internal category, image of Xi by the left exact functor 
G - K, and dis X, for any object X of E, is the discrete internal category associated 
to X (all the maps of the diagram of dis X are identities). Then X, is a K-discrete 
category since, the images by K of the components of vX, being isomorphisms, the 
image by K of Xi is isomorphic to dis K(X,-J. It is easy to check that this (I) is a 
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right adjoint to the inclusion. Furthermore, by construction, mq : rn& --+ mX, is 
the K-Cartesian part of the canonical decomposition of so : X0 -+ mX,. Therefore, if 
mfi is K-Cartesian, then so is mf;. If, furthermore, fa is also K-Cartesian, then j;” 
is K,-Cartesian, as follows from Lemma 5.2. On the other hand, if Xr is a groupoid, 
then so is G. K(X,). A discrete category being trivially a groupoid, Xi is necessarily 
a groupoid. q 
Now let X, be an internal 2-category in IE. On one hand as a particular internal 
category (in IE = Cat(E)), we can associate to it Corn X, which is a X,-discrete 
category too, and therefore an internal 2-category in lE. On the other hand, we can 
consider its image by the extension Cat(Com) of the left exact functor Corn: 
Cat(E) -+ Cat(E) to Cat (Cat (IE)). The internal category Cat (Corn) [X,] is no more 
in general K,-discrete. However, the following diagram: 
(Cat(com)1601)^ 
(Cat(Com)]XJ)- (Cat(Com)[6,1)_  X2 
is X1 -Cartesian above 
JO 
Corn Xi : x,. 
4 
In the case E= Set, the 2-category (Cat(com) [X1])- is nothing but the sub-2- 
category of Hot2(X2) where the 1-morphisms are such that v is an identity, that is 
the commutative squares. 
Now if X, is a 2-groupoid (i.e. a K,-discrete groupoid in the category Grd(E) of 
internal groupoids in IE), let us call the homotopy 2-groupoid associated to X,, the 
object defined by the following pullback: 
Hot,(X,) 
60 
* ComX2 
The functor Hotz( ), as a pullback of left exact functors is itself left exact. More- 
over, X. being a groupoid, the morphisms 6, and 6, are Ki-Cartesian; Xr being a 
groupoid, (Cat(Com) ISi])- (i = 0,l) are Xi-Cartesian, so all the morphisms of the 
previous diagram are Xi-Cartesian, and furthermore we obtain the following 
Ki-Cartesian diagram: 
a2 
HoMXd 5 x2 
where a2 = do. SA, co2 = (Cat (Corn) [ai])” . S(, . 
When E = Set, and X2 is a 2-groupoid, this HotZ(X2) is isomorphic to our previous 
description of Hot2(X2). This is no longer the case, if X, is any 2-category. 
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Remark. The construction Hot, as well as the next ones, Hot,, are of crucial im- 
portance for the exactness of the long cohomology sequence associated to the co- 
homology theory developed in [4,5]. 
Proposition 5.8. The images by N2 of the internal lax transformations are exactly 
the 2-homotopies, and conversely for D,. 
Proof. If X2 is an object of 2-Cat(V), let us study N,(Hot,X,). This X, is actually 
a 2-groupoid. Thus, as is the case at level 1, the morphism N,(&) : N,(Com X,) + 
N,(Xz) [resp. N,(6,)] is ( )i-Cartesian above N,(dO) : N,(mX2) + N,(X,) [resp. 
N,(dJ]. Now let us denote by A, --f A, --f A, the image of X, by N,, then necessarily 
N2(&) and N2(6J are given, up to isomorphism, by the following diagram: 
(130) 
A,CDAz , 
a 1) 
) A2 
d 
(d, 1) 
hOA, , 
(0,d\‘071>A’ 
Ao 
since clearly the following two parallel squares are pullbacks: 
A,CDAz 
(130) , 
* 
(07 1) 
-42 
A2@Ker d B Kerd 
(Rt) 
where 6 is the factorization of d: A, + A, through Ker d. In the same way, 
(N,(Cat(Com) [S,])-, being ( )i-Cartesian over Ni(Si) : N,(Com Xi) --f N,(X,), is 
necessarily (up to isomorphism) given by 
A2 A2 
( 1 0 
d 
( ‘) d 
A,OA, 
-1 
d 
)I 
AlOAo 
I d (LO) 
-; 
CO,11 
A, 
d 
Cd, 1) I 
-; 
(O>l) 
Ao 
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since the kernel of (A -h) is given by 
Kerd & AtBAt. 
Now N, being left exact, N2(Hot2 X,) will be a pullback whose O-component is (up 
to isomorphism) the following square: 
A,@A, - A 
(d 1) ’ 
its 1 -component: 
a 1) 
L 
A,OA, 
(1.0) ’ AI 
its 2-component: 
A,OA, A,OA, 
A2 A2 
Therefore, N2(Hot2X2) is, up to isomorphism, the following 2-complex: 
A,OAz Az@A,OA, A, @A,. 
This is exactly our h,(A), universal representor of the 2-homotopies with codomain 
A. 0 
The higher levels 
The most difficult work is done. As is always the case for n-categories, the dif- 
ficulty is concentrated in the passage from level 1 to level 2. 
The passage from the notion of natural transformation to that of lax natural 
transformation is based upon the slogan: “put a 2-morphism wherever there was an 
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equality”. It is clearly the meaning of our construction Hotz(Xz): by taking the 
pullback of Com(X,) with (Cat(Com) [Xz])“, we add a 2-morphism (ComX2) 
where there was an equality ((Cat(Com)[XJ)-). 
Now the passage to the higher generalizations is based upon a similar slogan: “put 
a higher type of morphism wherever there was an equality”. 
Let X,_ 1 be an object of (n - 1)-Grd( E). Suppose we have defined a Kn_*- 
Cartesian diagram, 
an-1 
Hot,_,(X,_,) _; X,-l 
W,m1 
where the functor Hot,_i is left exact. Then we can iterate the process in the 
following way. Let X, be an object of n-Grd(E). The homotopy n-groupoid 
associated to X, is given by the following pullback: 
a’ 
Hot,(X,,) p ComX, 
(Cat(Hotn-l)) [xn1 (Cat(Hot,_l))-[a,_l] ’ xn 
Then, for the same reasons as for Hot2, Hot, is a left exact functor and the fol- 
lowing diagram is K,, _ , -Cartesian: 
Qrl 
Hot,(X,) 5 X, 
with (~,=a,,. a’, a(), =(Cat(Hot,_,))[o,_ i]. S;. 
Definition 5.9. An n-lax transformation between two n-functors G,, Gi : Y, +X, 
(Y,, X,, being two n-groupoids) is the data of an n-functor H,, : Y,, -+ Hot,(X,) such 
that a,.H,,=G,, w,.H,,=G~. 
Proposition 5.10. The images by N,, of the internal n-lax transformations are 
exactly the n-homotopies, and conversely for D,. 
Proof. By induction, and for exactly the same reasons and diagrams as at level 
2. 0 
Remark. Following this construction, K,P,(Hot,X,,) is given by the following 
pullback: 
K,_,(Hot,X,) A mX n 
Hot,_,(X,_,) B X,_ 
an-1 I 
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So K,,_,~K,_,(Hot,X,,)=K,P,(Hot,_,(X,_,)) since the morphism dl is Kn_*- 
invertible. 
The w-case 
Now let X, be an object of m-Grd(E), that is the projective limit of the fol- 
lowing diagram: 
1 +- E 2 Grd( E) 2 2-Grd(E) +- **a +- (n - 1)-Grd( E) 
%-I 
+--- n-Grd( E) +- .**. 
The previous remark leads us to define Ho&(X,) by 
K-,(Hot,(X,)) = K-I(Hot,(&(X,))) 
where K,(X,) denotes the underlying n-groupoid of 
c+functors: 
the formula 
X,. We have two obvious 
am 
Hot,(Xcm) : x,. 
WCs 
Definition 5.11. Let us call an m-lax transformation between two a-functors G, , 
G;: Y,+X,, the data of an oo-functor H, : Y, + Hot,&,) such that 
q,,.H,=G, and o,.H,=G~. 
Proposition 5.12. The images by N, of the internal c+lax transformations are 
exactly the chain homotopies, and conversely for D, . 
Proof. Let us denote by A the image by N, of X,. Let us denote for short X, the 
underlying n-category of X, and A, the underlying n-complex of the chain com- 
plex A. Then, for every n: 
PLWoLGLNl.-, =N,-,(K,-,(Hot,(X,))) =%,K~,Wot,,XnN 
= ( L~WnW%&N = W,G%J,-, = tW)l,-, 
(by the general formula of h(A)). 
Then N, (Hot, (X,)) = h(N, (X,)). 0 
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